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Abstract 
During their operation, modern aircraft engine components are subjected to increasingly demanding operating conditions, 
especially the high pressure turbine (HPT) blades. Such conditions cause these parts to undergo different types of time-dependent 
degradation, one of which is creep. A model using the finite element method (FEM) was developed, in order to be able to predict 
the creep behaviour of HPT blades. Flight data records (FDR) for a specific aircraft, provided by a commercial aviation 
company, were used to obtain thermal and mechanical data for three different flight cycles. In order to create the 3D model 
needed for the FEM analysis, a HPT blade scrap was scanned, and its chemical composition and material properties were 
obtained. The data that was gathered was fed into the FEM model and different simulations were run, first with a simplified 3D 
rectangular block shape, in order to better establish the model, and then with the real 3D mesh obtained from the blade scrap. The 
overall expected behaviour in terms of displacement was observed, in particular at the trailing edge of the blade. Therefore such a 
model can be useful in the goal of predicting turbine blade life, given a set of FDR data. 
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Abstract 
A numerical study is performed using the finite element method to consider the effects of low-cycle fatigue, 
specifically induced through relative humidity cycles on paintings. It has been identified that there are two major 
crack types in paintings, these bei  (i) an in erfacial crack (delamination) between paint and support and (ii) a 
through-thickness (channel) crack in the paint layer itself, arresting on the interface. Therefore a 2D plane strain 
model for each type of crack has been created, which both consist of an alkyd paint modelled using a visco-
hyperelastic material model and a primed canvas which is assumed to behave in a linear elastic manner. To account 
for fatigue damage in both models, cohesive elements located along the interface or through the film thickness 
respectively, are used and the traction-separation law has been modified to incorporate a fatigue damage parameter. 
It is possible to expose the models to the same relative humidity cycles, which would typically be seen in museums, 
enabling the prediction of time to first crack and which crack type is more readily grown in the painting. 
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1. Introduction 
Easel paintings are complex composite materials that are usually constructed from a multitude of hygroscopic 
heterogeneous layers which show a differing dimensional response to changes in the surrounding environment 
(temperature and relative humidity). Two common supports/substrates used for easel paintings are canvas and wood. 
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Despite the differing nature of these supports, the layers used to compose the painting are similar. Usually an animal 
glue is initially applied, in a process known as sizing.  A ground layer is then applied, usually this is white (calcium 
carbonate or calcium sulphate and/or lead carbonate). Finally pigmented layers are applied on top as the design/image 
layers, often followed by a layer of varnish. The binding media of the ground and upper layers can include animal glue, 
egg, drying oils, acrylics or alkyd- depending on the date of the work, tradition and intent of the artist. 
The effects of temperature and changes in relative humidity (RH) on the mechanical properties of the individual 
layers in a painting have been investigated (Mecklenburg (2007); Mickalski (1991)). It was shown that the constituents 
display different dimensional and stress-strain responses depending on the environmental conditions. A simple 
classification of cracks in easel paintings was first systematically applied by Keck (1969). More recently, the type of 
crack e.g. interfacial and channeling crack,  has been identified by Jaskierny and Young (2018) where a qualitative 
analysis was performed on a collection of forty-three seventeenth century panel paintings displayed in the Brown 
Gallery located in Knole House, Kent.  Channeling and interfacial cracks have also been identified, and poor adhesion 
qualities highlighted, when mixed-media paints are used on canvas i.e. in a combination of acrylic and alkyd paint 
layers (Young (2007)). Delamination between an alkyd design layer and acrylic primed canvas as a result of cyclic 
changes in RH has previously been investigated (Tantideeravit et al. (2013)). The work implements the irreversible 
cohesive zone model (Roe and Siegmund (2003)) in a finite element analysis to model the interface between an alkyd 
paint and primed canvas, which results in a modification to the traction-separation law to account for fatigue damage.  
The work only considered interfacial cracking and did not consider through-thickness cracks; an in depth understanding 
of crack initiation and propagation in easel paintings requires the development of such models. 
There appears to be a gap in literature when considering through-thickness cracks caused by fatigue loading, with 
the monotonic case being more widely investigated. Most work on the subject uses the steady state energy release 
rate (Beuth (1992); Hutchinson and Suo (1992); Nakamura and Kamath (1992); Ho and Suo (1993); Beuth and 
Klingbeil (1996); Ambrico and Begley (2002); Vlassak (2003); Chai (2011)), which is said to be achieved when the 
crack is of a certain length, meaning the crack front remains a constant shape and the energy release rate is constant. 
It has been identified through a 3D finite element analysis (Nakamura and Kamath (1992)), that for a compliant film 
on a rigid substrate with perfect adhesion, the steady state condition is achieved when the channel crack length is 
approximately double the film thickness. A semi-analytical method (Beuth (1992)) has been developed based on 
linear elastic fracture mechanics which avoids the use of complex 3D finite element models by considering two 
plane strain conditions (far ahead and far behind the crack) and then stating the steady state energy release rate is the 
difference in the elastic strain energy of the two models. The work has been extended to consider plasticity in the 
substrate (Beuth and Klingbeil (1996)), caused by the stress field around the crack tip located on the film-substrate 
interface. Finally, the effects of plastic deformation in both film and substrate on steady state channel cracks have 
been considered using plane strain finite element simulations under either thermal or mechanical loading (Chai 
(2011)). It was shown that the inclusion of plastic deformation increases the energy release rate when compared to 
linear elastic materials. 
In the present work, finite element simulations are used to compare the effects of daily RH cycles on the formation 
and propagation of crack damage in paintings. Using cohesive elements along a pre-defined crack path in the finite 
element model, low-cycle fatigue can be accounted for in the traction-separation law by introducing a fatigue damage 
parameter. Finally by exposing models for an interfacial crack and channeling crack to the same RH cycles, it is 
possible to determine the time to first crack and identify which crack is more readily grown in the painting. 
2. Material constitutive behavior  
The constitutive response of a viscoelastic material can be separated into a strain- (𝜎𝜎0(𝜀𝜀)) and time-dependent 
(𝑔𝑔(𝑡𝑡)) function (Goh, Charalambides and Williams, 2004). Furthermore, a Prony series of the form  
𝑔𝑔(𝑡𝑡) = 𝑔𝑔∞ + ∑ 𝑔𝑔𝑖𝑖𝑒𝑒
−𝑡𝑡
𝜏𝜏𝑖𝑖⁄𝑁𝑁
𝑖𝑖=1   (1) 
can be used to represent the time dependent function, where 𝑔𝑔∞  and 𝑔𝑔𝑖𝑖  are dimensionless constants with 𝑔𝑔∞ +
∑ 𝑔𝑔𝑖𝑖
𝑁𝑁
𝑖𝑖=1 = 1 and 𝜏𝜏𝑖𝑖 the relaxation times. Finally expressing the stress response for an arbitrary strain history using a 
convolution integral gives   
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𝜎𝜎(𝑡𝑡) = 𝑔𝑔∞𝜎𝜎0(𝑡𝑡) + ∑ ∫ 𝑔𝑔𝑖𝑖𝑒𝑒
(−
(𝑡𝑡−𝑠𝑠)
𝜏𝜏𝑖𝑖
⁄ ) 𝑑𝑑𝜎𝜎0(𝑠𝑠)
𝑑𝑑𝑠𝑠
𝑑𝑑𝑑𝑑 
𝑡𝑡
0
𝑁𝑁
𝑖𝑖=1  (2) 
which is in the form of a long-term elastic and a viscoelastic contribution. The function 𝜎𝜎0 can be obtained from the 
van der Waals hyperelastic potential 𝑊𝑊 as follows 
𝜎𝜎0 = 𝜆𝜆
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
= 𝜓𝜓𝜆𝜆(𝜆𝜆 − 𝜆𝜆−2) [
√𝑑𝑑𝑚𝑚
2 −3
√𝑑𝑑𝑚𝑚
2 −3−√𝑑𝑑2+2𝑑𝑑−1−3
− 𝛼𝛼√
𝑑𝑑2+2𝑑𝑑−1−3
2
] (3) 
where 𝜓𝜓 is the instantaneous shear modulus, 𝜆𝜆𝑚𝑚 is the locking stretch, 𝛼𝛼 is the global interaction parameter and 𝜆𝜆 is 
the stretch ratio. The following visco-hyperelastic material parameters have been determined for an alkyd paint 
(Tantideeravit et al. (2013)) and are shown in Table 1.  
Table 1. Van der Waals hyperelastic and Prony series material parameters. 
Hyperelastic material parameters 𝜓𝜓 = 75 (MPa)  𝜆𝜆𝑚𝑚 = 8   𝛼𝛼 = 0.5   
Prony series 1 2 3 4 5 6 
𝜏𝜏𝑖𝑖 (𝑑𝑑)  1.00E–01 1.00E+00 1.00E+01 1.00E+02 1.00E+03 1.00E+04 
𝑔𝑔𝑖𝑖  0.730 0.145 0.050 0.032 0.020 0.013 
 
The canvas primed with gesso is assumed to be linear elastic with Young’s modulus 𝐸𝐸 = 3.6GPa and Poisson’s 
ratio 𝜈𝜈 = 0.3. An effective hygroscopic expansion coefficient 𝛽𝛽 has also been determined for the alkyd paint layer 𝛽𝛽 =
3.05 × 10−4%RH−1 and the canvas shows negligible dimensional with changes in RH (Tantideeravit et al. (2013)). 
3. Numerical modelling 
3.1. The irreversible cohesive zone model (ICZM) 
The ICZM (Roe and Siegmund (2003)) accounts for fatigue damage in the finite element simulation by 
modifying the cohesive zone parameters through the implementation of a fatigue damage parameter. This allows the 
modelling of fatigue when the cohesive zone would predict an infinite fatigue life if the loading is cycled below the 
cohesive element failure displacement. A bi-linear traction-separation law, as seen in Figure 1, has previously been 
developed (Tantideeravit et al. (2013)) to model the interfacial properties between an alkyd layer on a primed canvas 
substrate through the use of a peel test and the parameters are shown in Table 2. As the through-thickness fracture 
toughness has not been obtained for the alkyd, this work uses the same traction-separation law for both interfacial 
delamination and through-thickness cracking. 
 
 
Figure 1. A bi-linear irreversible traction-separation law. 
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Table 2. Bi-linear traction-separation law parameters. 
Traction-separation law parameters 
𝐺𝐺𝐼𝐼𝐼𝐼 = 𝐺𝐺𝐼𝐼𝐼𝐼𝐼𝐼 = 0.25 (N/mm)  𝛿𝛿0 = 0.125 (mm)  
𝐾𝐾0 = 8 (MPa/mm)  𝛿𝛿Σ = 0.5 (mm)  
𝜎𝜎𝑚𝑚 = 1 (MPa)   
 
The stress 𝜎𝜎 in the traction-separation law is therefore calculated using  
𝜎𝜎 = (1 − 𝐷𝐷)(1 − 𝐷𝐷𝑐𝑐)𝐾𝐾0𝛿𝛿  (4) 
where 𝐷𝐷 is the damage due to monotonic loading, 𝐷𝐷𝑐𝑐  is the damage due to cyclic loading, 𝐾𝐾0 is the initial stiffness 
and 𝛿𝛿 is the separation. 
3.2. Interfacial crack model 
A model to measure the crack initiation time for an interfacial fracture between an alkyd layer and canvas 
substrate has previously been developed (Tantideeravit et al. (2013)). The two-dimensional finite element model 
utilizes plane strain elements for the paint and canvas with cohesive elements along the interface, as shown by the 
dashed line between alkyd and canvas in Figure 2a. The alkyd and canvas were modelled using the material 
properties given in Section 2 and the cohesive zone from Section 3.1. 
 
 
Figure 2. Painting cross-section with cohesive element location. (a) Interfacial crack. (b) Through-thickness crack. 
3.3. Through-thickness (channeling) crack model 
A model to measure the crack initiation time for a through-thickness crack in the paint layer has been created. It 
is assumed that the crack will grow at the center of the film, perpendicular to the interface, meaning a layer of 
cohesive elements have been placed through the film thickness (as seen in Figure 2b) and perfect adhesion is 
modelled between the film and substrate. Again plane strain elements have been used for the paint and canvas with 
the material properties in Section 2 and the cohesive traction-separation law from Section 3.1. 
3.4. Relative humidity cycles 
Once the RH cycles have been determined for the paintings, it is possible to implement them as boundary 
conditions for the two crack models in the finite element software Abaqus. It has been identified (Moran and 
Morgan (1990)) that on a calm day the RH cycle is approximately sinusoidal and has a maximum RH of 95%RH at 
06:00 in the morning (min temp) and a the minimum of 35%RH at 15:00 in the afternoon (max temp). Therefore, 
this sinusoidal cycle will be implemented with different min and max values in order to determine the effect on 
crack initiation time. To select other min and max RH values it is possible to review museum environmental policies 
and assume that the min and max allowable RH’s occur once a day and follow the previously mentioned sinusoidal 
cycle. The museum environmental policies selected are: (1) V&A Museum (Blades (2010)), min = 40%RH and max 
= 65%RH and (2) a strictly controlled museum (Atkinson (2014)), min = 45%RH and max= 55%RH. Table 3 shows 
the time (in years) that it has taken for the crack to initiate in the interfacial and through-thickness crack models.  
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Table 3. Time to crack initiation. 
Min and max RH in daily cycle Interfacial crack Channeling crack 
Min RH (%RH) Max RH (%RH) (years) (years) 
35 
40 
90 
65 
2.8 2.9 
14.5 13.9 
45 55 90 86 
 
Crack initiation time was calculated as the time when the first cohesive element had lost stiffness and could no 
longer support a load. Except for the first case (min = 35%RH; max = 90%RH), it is shown that the channeling crack 
initiates slightly before the interfacial crack. This can be justified by considering the maximum stress range in the 
cohesive elements. For the first case (min = 35%RH; max = 90%RH) the maximum stress range is 0.05MPa for the 
interfacial crack compared to 0.04MPa for the channeling crack, meaning the fatigue damage accumulates at a greater 
rate in the case of an interfacial fracture, decreasing the time to crack initiation. For the second and third case this is 
reversed for example the second case (min RH = 40%RH; max RH = 65%RH) the maximum stress range is 0.018MPa 
for the interfacial crack compared to 0.02MPa for the channeling crack. Furthermore, as the difference between 
minimum and maximum RH in a cycle decreases, the percentage difference between the times for each crack to initiate 
increases (3.5%, 4.2% and 4.5% respectively). Nevertheless, the initiation times for both cases seem very close; 
highlighting the need for the through-thickness fracture properties of the paint in order to calibrate the through-
thickness traction-separation law. These points will be further investigated in the future by plotting the element stress 
envelope and performing a parametric study on the through-thickness traction-separation law parameters.  
4. Conclusion 
The finite element method has been used to compare the effects of low-cycle environmental fatigue due to 
changes in RH on a painting which consists of an alkyd paint layer on an acrylic primed canvas. The alkyd layer has 
been modelled using the van der Waals hyperelastic material model in combination with a Prony series to account 
for time-dependency in the material and the canvas is assumed to behave in a linear elastic manner. Two models 
were considered: (1) a crack along the interface between the paint and canvas and (2) a through-thickness crack in 
the paint layer. To model crack initiation, cohesive elements were used with an irreversible cohesive zone model 
which incorporates fatigue damage through the use of a fatigue damage parameter. 
Considering three different RH cycles it has been possible to compare the crack initiation time for both models 
and has been identified that there is only a small difference in the crack initiation time for a given RH cycle. For the 
greatest RH range considered, the interfacial crack will initiate first by a small amount, however as the RH range is 
reduced the process is reversed. More work is required on the subject in order to obtain a clear conclusion 
Future work includes a parametric study on the through-thickness cohesive zone parameters. Furthermore, the 
model should be modified to account for a more complex substrate, such as wood or consideration of stress 
relaxation in a tensioned canvas and the effect this has on the paint layer.  
Acknowledgements 
The authors would like to thank the Engineering and Physical Sciences Research Council (EPSRC) for funding the 
project under grant reference EP/P003613/1. 
References 
Ambrico, J. M. and Begley, M. R. (2002) ‘The role of initial flaw size, elastic compliance and plasticity in channel cracking of thin films’, Thin 
Solid Films, 419(1–2), pp. 144–153. doi: 10.1016/S0040-6090(02)00718-6. 
Atkinson, J. K. (2014) ‘Environmental conditions for the safeguarding of collections : A background to the current debate on the control of 
relative humidity and temperature’, Studies in Conservation, 59(4), pp. 205–212. doi: 10.1179/2047058414Y.0000000141. 
Beuth, J. L. (1992) ‘Cracking of thin bonded films in residual tension’, International Journal of Solids and Structures. Pergamon Press Ltd., 
29(13), pp. 1657–1675. doi: 10.1016/0020-7683(92)90015-L. 
384 Joseph D. Wood  et al. / Procedia Structural Integrity 13 (2018) 379–384
6 Joseph D. Wood et al./ Structural Integrity Procedia  00 (2018) 000–000 
Beuth, J. L. and Klingbeil, N. W. (1996) ‘Cracking of thin films bonded to elastic-plastic substrates’, Journal of the Mechanics and Physics of 
Solids, 44(9), pp. 1411–1428. doi: 10.1016/0022-5096(96)00042-7. 
Blades, N. (2010) Energy efficiency in historic buildings - the National Trust approach, The National Trust. Available at: 
https://collectionstrust.org.uk/resource/energy-efficiency-in-historic-buildings-the-national-trust-approach/ (Accessed: 20 June 2018). 
Chai, H. (2011) ‘Channel cracking in inelastic film/substrate systems’, International Journal of Solids and Structures. Elsevier Ltd, 48(7–8), pp. 
1092–1100. doi: 10.1016/j.ijsolstr.2010.12.014. 
Goh, S. M., Charalambides, M. N. and Williams, J. G. (2004) ‘Determination of the constitutive constants of non-linear viscoelastic materials’, 
Mechanics of Time-Dependent Materials, 8(3), pp. 255–268. doi: 10.1023/B:MTDM.0000046750.65395.fe. 
Ho, S. and Suo, Z. (1993) ‘Tunneling Cracks in Constrained Layers’, Journal of Applied Mechanics, 60(4), pp. 890–894. doi: 
10.1115/1.2900998. 
Hutchinson, J. W. and Suo, Z. (1992) ‘Mixed mode cracking in layered materials’, Advances in Applied Mechanics, 29, pp. 63–191. 
Jaskierny, D. and Young, C. (2018) ‘The classification and categorisation of crack patterns and delamination found on the Brown Gallery Portrait 
Set, Knole House’ submitted to The Conservator. 
Keck, S. (1969) 'Mechanical Alteration of the Paint Film', Studies in Conservation, 14(1), pp 9-30. 
Mecklenburg Marion F. (2007) ‘Determining the acceptable ranges of relative humidity and temperature in museums and galleries: Part 1, 
Structural Response to Relative Humidity’, Smithsonian Museum Conservation Institute., pp. 1–57. Available at: 
https://repository.si.edu/handle/10088/7056. 
Michalski, S. 1991. ‘Crack Mechanisms in Gilding.’ In: Gilded Wood: Conservation and History, edited by Deborah Bigelow. 171 – 181. 
Madison: Sound View Press. 
Moran, J. M. and Morgan, M. . (1990) ‘Meteorology - The Atmosphere and the Science of Weather’. Third Edit. Macmillan USA. 
Nakamura, T. and Kamath, S. M. (1992) ‘Three-Dimensional Effects in Thin Film Fracture Mechanics’, Mechanics of Materials, 13(1), pp. 67–
77. doi: 10.1016/0167-6636(92)90037-E. 
Roe, K. L. and Siegmund, T. (2003) ‘An irreversible cohesive zone model for interface fatigue crack growth simulation’, Engineering Fracture 
Mechanics, 70(2), pp. 209–232. doi: 10.1016/S0013-7944(02)00034-6. 
Tantideeravit, S. et al. (2013) ‘Prediction of delamination in multilayer artist paints under low amplitude fatigue loading’, Engineering Fracture 
Mechanics. Elsevier Ltd, 112–113, pp. 41–57. doi: 10.1016/j.engfracmech.2013.09.011. 
Vlassak, J. J. (2003) ‘Channel cracking in thin films on substrates of finite thickness’, International Journal of Fracture, 119/120(1979), pp. 299–
323. doi: 10.1023/A:1024962825938. 
Young, C. R.T. (2007) ‘Interfacial Interaction of Modern Paint Layers’, Modern Paints Uncovered Symposium, London, UK, 16-19 May 2006, 
pp. 247-256. ISBN 9780892369065. 
